Distinguishing Cause from Correlation in Tokamak Experiments to Trigger
  Edge Localised Plasma Instabilities by Webster, A. J.
ar
X
iv
:1
40
9.
35
92
v2
  [
ph
ys
ics
.pl
as
m-
ph
]  
3 N
ov
 20
14
Distinguishing Cause from Correlation in Tokamak Experiments to
Trigger Edge Localised Plasma Instabilities
Anthony J. Webster1,2 and JET EFDA Contributors∗
1 JET-EFDA, Culham Science Centre, Abingdon, OX14 3DB, UK and
2 CCFE, Culham Science Centre, Abingdon, OX14 3DB, UK
(Dated: July 16, 2018)
Abstract
The generic question is considered: How can we determine the probability of an otherwise quasi-
random event, having been triggered by an external influence? A specific problem is the quantification
of the success of techniques to trigger, and hence control, edge-localised plasma instabilities (ELMs)
in magnetically confined fusion (MCF) experiments. The development of such techniques is essential
to ensure tolerable heat loads on components in large MCF fusion devices, and is necessary for their
development into economically successful power plants. Bayesian probability theory is used to rigorously
formulate the problem and to provide a formal solution. Accurate but pragmatic methods are developed
to estimate triggering probabilities, and are illustrated with experimental data. These allow results from
experiments to be quantitatively assessed, and rigorously quantified conclusions to be formed. Example
applications include assessing whether triggering of ELMs is a statistical or deterministic process, and
the establishment of thresholds to ensure that ELMs are reliably triggered.
∗ See the Appendix of F. Romanelli et al., Proceedings of the 24th IAEA Fusion Energy Conference 2012, San
Diego, US.
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INTRODUCTION
Presently the most successful high-performance nuclear fusion experiments use a toroidal
magnetic field to confine the plasma in a tokamak [1]. Unfortunately the most highly confined
of these plasmas are susceptible to edge-localised instabilities (“ELMs”) [2], that eject particles
and energy onto the plasma-facing components. In future power-plant scale devices, the size of
the ELMs must be limited to avoid components being damaged. One proposal is to deliberately
and rapidly trigger ELMs, with the hope of having a larger number of smaller ELMs. A method
that has been found successful at triggering ELMs is to apply a rapidly increasing radial magnetic
field to the plasma, that “kicks” the plasma vertically to trigger ELMs [3–6]. To understand and
optimise the method it is necessary to explore the threshold between when the kicks trigger ELMs,
and when they simply perturb the plasma. For example figure 1 shows a scan of kick sizes, with
a systematic variation of the amplitude and duration of the voltage applied to coils that produce
the radial magnetic field that can trigger the ELMs. For these situations it is necessary to be able
to quantify the success by which ELMs are triggered, so as to better understand physically what
is triggering the ELM, and practically, what is required to successfully do so. A complication
is that ELMs occur regularly without kicks, so how can we determine whether an ELM is due
to a kick or is naturally occurring? A major step towards this is to understand the time-scales
over which the kick influences the plasma most strongly. This then determines a narrower time
window when a kick is able to trigger an ELM, but it does not rule out the possibility that some
ELMs occur naturally within that time window also. Correctly accounting for this possibility is a
purpose of this paper. In the next section we outline how Bayesian probability theory can be used
to formulate a general solution to this problem. The generic problem however is much broader -
for example, how can you tell if the increase in insurance claims due to lightning strikes are due
to global warming or statistical chance? It might be possible to adapt some of the methods here
to those broader questions. The following sections explore how the solution can be applied to
the specific question of determining the success of “kick-triggering” experiments.
FORMULATION AND FORMAL SOLUTION OF THE PROBLEM
Bayesian probability theory starts from some simple but reasonable requirements about a
theory of probability, and shows how the usual laws of probability theory can be derived from
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Figure 1: JET plasma 83440. The measured Volt seconds (Wb) of each kick is plotted (red circles)
versus the time in seconds during the pulse, with the strong Be II light emissions due to ELMs
superimposed (not to scale). For kicks with large amplitude in Wb, ELMs appear to be clearly
synchronised with the kicks, but for small kicks such as those between 20.6s and 21.4s their influence
is much less clear.
them [8], such as the basic product rule,
P (A,B|C) = P (A|B,C)P (B|C) = P (B|A,C)P (A|C) (1)
and the basic sum rule,
P (A|C) + P (A¯|C) = 1 (2)
where P (A,B|C) reads as the probability of A and B being simultaneously true given that C
is true, and P (A|B,C) reads as the probability of A being true given that B and C are true,
and A¯ is used to denote the negation of A (i.e. “not A”). These relations can be used to
formulate a variety of mathematical expressions that relate the probability of events [8]. One
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useful expression that is derived in the appendix for convenience is,
P (A|C) = P (A|B,C)P (B|C) + P (A|B¯, C)P (B¯|C) (3)
In the context of our subsequent discussion this will be used to obtain the probability of the event
A occurring at time t, in terms of the probability of event A occurring at time t given that action
B has (or has not) triggered the event, with C determining the time at which the triggering is
attempted. Specifically we consider the probability density of observing the next ELM at time t
to t+ dt after a “vertical kick” starts to influence the plasma at t = τm, with,
P (t|τm) = P (t|K, τm)P (K|τm) + P (t|K¯, τm)P (K¯|τm) (4)
where P (t|τm) is the probability density of observing an ELM at time t after a (vertical) kick
starts to influence the plasma at time τm, P (t|K, τm) is the probability density of an ELM at
time t after τm given that a kick at has successfully triggered an ELM, and P (t|K¯, τm) is the
probability density of an ELM at time t after τm if a kick has failed to trigger an ELM. P (K|τm)
is the probability of a kick successfully triggering an ELM and P (K¯|τm) is the probability of
a kick not triggering an ELM, given that the kick starts to influence the plasma at time τm.
Because of (2), P (K¯|τm) = 1− P (K|τm), and we have,
P (t|τm) = P (t|K, τm)P (K|τm) + P (t|K¯, τm)(1− P (K|τm)) (5)
This equation is exact, and can be developed in various ways. The aim is to construct a math-
ematical expression whose terms can be accurately estimated from the available experimental
data, allowing P (K|τm) to be determined. Here (5) will be used to formalise the idea that trig-
gered ELMs will appear in a short time interval after a kick, using the information to rigorously
define the probability of an ELM having been triggered. Crucially, this is done in a way that
allows the possibility that some of the observed ELMs will have occurred naturally, the resulting
estimates quantitatively account for this.
Some background. Following a “kick” in the JET tokamak, there is a time period of order
1-1.5 milliseconds before the kick’s magnetic field starts to strongly interact with the plasma,
and another time period proportional to the kick’s duration, before the kick reaches its maximum
strength. The time delay is due to the time needed for the magnetic field that the control
coils are trying to produce, to diffuse through JET’s metal vacuum vessel and other conducting
components. By observing ELMs that are clearly triggered and paced at the kick-frequency, it
4
18 19 20 21 22
Tim
e 
fro
m
 ki
ck
 to
 
EL
M
 (s
eco
nd
s)
0.01
0.02
0.03
0.04
0.05
Time (s)
CP
S1
4.
48
1-
2c
Figure 2: JET plasma 83440. The time from the start of a kick to the next ELM is plotted
versus time during the plasma pulse. Due to the limited kick duration and the time for the kicked
magnetic field to diffuse through the plasma, kicks can only influence the plasma for of order 1-8
ms after they start. Most of the ELMs bunched within this time interval will have been triggered
by a kick, although some may have occurred naturally.
appears that triggered ELMs occur approximately within τm to τm+∆τ , where ∆τ is the kick’s
duration. For example see figure 2, whose results are consistent with a resistive diffusion of the
“kicked” magnetic field through JET’s metal vacuum vessel over a 1.0-1.5 ms timescale, and
ELMs being triggered after the magnetic perturbation has grown towards its maximum value over
a timescale of 1.5-4.5ms depending on the kick’s duration and amplitude. However, we cannot
infer the kick success simply by counting the fraction of ELMs that occur in this time period after
a kick, because a fraction of those will be expected to occur in that time interval naturally. Eq.
5 accounts for this through the term P (t|K¯, τm)P (K¯|τm), the probability of observing ELMs at
a time t since a kick, given that the ELM is not triggered. Formally all of this can be achieved
by integrating both sides of (5) from τm to τm +∆τ , with respect to t. Then after integration
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we get,
P∆τ = P (K) + PK¯ (1− P (K)) (6)
where P∆τ ≡
∫ τm+∆τ
τm P (t)dt,
∫ τm+∆τ
τm P (t|K)dt = 1 by the definition that these kicks will
successfully trigger ELMs, and PK¯ ≡
∫ τm+∆τ
τm P (t|K¯)dt is the probability of ELMs occurring
naturally and being observed within τm to τm + ∆τ without having been triggered by kicks.
Consequently,
P (K) =
P∆τ − PK¯
1− PK¯
(7)
P∆τ and PK¯ both depend on ∆τ and τm, although for reasonably large numbers of kicks we will
find that PK¯ (and consequently P∆τ ), are approximately independent of τm. Notice that if we
had ignored naturally occurring ELMs, with PK¯ = 0, we would simply have P (K) = P∆τ , or in
other words, we would estimate the probability of a kick successfully triggering an ELM simply
as the probability of observing an ELM in the “kick-triggered” time interval. If PK¯ is sufficiently
small then the estimates of P (K) = P∆τ and (7) will be similar. Also if PK¯ is small, then,
P (K) = P∆τ − PK¯ (1− P∆τ ) +O
(
P 2K¯
)
(8)
which is useful for obtaining simple leading-order error estimates as the sum of errors in P∆τ and
PK¯ , which are easy to calculate and record. For kick-triggering studies, PK¯ is usually small. P∆τ
can be estimated from the kick-ELM data by counting the number of ELMs that occur naturally
within the set of time intervals τm to τm+∆τ ; this will be considered in a later section. PK¯ can
be estimated from equivalent ELMing plasma data without kicks, which we discuss next.
ESTIMATING PK¯
Next we consider how to estimate PK¯ from ELM time data that does not have kicks or other
triggering mechanisms. Firstly we calculate the probability of an ELM being observed in a time
interval τm to τm + ∆τ , finding a simple estimate for the limit where τm ∼ nt¯ has n ≫ 1.
This is a useful approximation, so we explore when it is reasonable, and test the estimate by
calculating the number of ELMs that we would expect to occur naturally in the time intervals
(τm,τm +∆τ) that we might incorrectly think are “triggered” ELMs, and compare this estimate
with observations from experimental data.
The probability of observing the nth ELM in (τm,τm + τ), is,∫ τm+τ
τm
p(x|n)dx (9)
6
where x =
∑n
i=1 ti, and ti are the waiting times between the (i − 1)th and ith ELM. The
probability of any ELM being in (τm, τm + τ), is,
PK¯(τm) =
∞∑
n=1
∫ τm+τ
τm
p(x|n)dx (10)
for the present we have decided to explicitly emphasise the dependence of PK¯ on τm by writing
PK¯(τm). As is outlined in 7.16 of Jaynes [8], p(x|n) can be written as,
p(x|n) = 1
2pi
∫
∞
−∞
ψ(α)ne−iαxdα (11)
with,
ψ(α) =
∫
∞
−∞
P (t)eiαtdt (12)
where P (t) is the ELM waiting time pdf, that gives the probability of observing an ELM in time
t to t + dt as P (t)dt. For many situations P (t) can be reasonably approximated by a Gaussian
[9], and for those cases we exactly have,
p(x|n) = 1√
2pinσ2
exp
(
−(x− nt¯)
2
2nσ2
)
(13)
where t¯ is the average ELM waiting time and σ is the ELM waiting times’ standard deviation.
These two quantities t¯ and σ can be estimated from the ELM time data with an error of order
1/
√
M , whereM is the total number of observed ELMs [10]. Equation (13) is exact [8] whenever
P (t) is a Gaussian, however if n≫ 1 then with only a small number of exceptions [8], the Central
Limit Theorem ensures that (13) remains true independent of the specific form of ELM waiting
time pdf [8]. Using (10) and (13) the probability of an ELM in time τm to τm + τ is,
PK¯(τm) =
∞∑
n=1
∫ τm+τ
τm
dx√
2pinσ2
exp
(
−(x− nt¯)
2
2nσ2
)
(14)
For nt¯ ≫ t¯ (n ≫ 1) , the sum can be approximated by an integral, with y = nt¯ and dy = t¯,
giving,
PK¯ =
∫
∞
0
dy
t¯
∫ τm+τ
τm
dx√
2piy(σ2/t¯)
exp
(
− (x− y)
2
2y(σ2/t¯)
)
(15)
where the dependence of PK¯ on τm has been removed for reasons that will be explained shortly.
Changing variables, with x = xˆσ2/t¯ and y = v2σ2/t¯, so that dy/
√
y = 2dv(σ2/t¯), and exchang-
ing the order of integration, gives,
PK¯ =
1
t¯
∫ (τm+τ)(σ2/t¯)
τm(σ2/t¯)
dxˆ
(
σ2
t¯
)
1√
2pi
∫
∞
0
dv exp
(
(x− v2)2
2v2
)
(16)
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Using the integral [11],
∫
∞
0
dx exp
(
−ax2 − b
x2
)
=
√
pi
4a
exp
(
−2
√
ab
)
(17)
it can easily be shown that,
∫
∞
0
dv exp
(
−(xˆ− v
2)2
2v2
)
=
√
pi
2
(18)
a surprising result, because like a normalised probability distribution with a parameter xˆ, the
result is independent of xˆ. Consequently, doing the final integral over xˆ and cancelling terms,
we get,
PK¯ =
∆τ
t¯
(19)
A surprising and disappointing aspect of (19) is that τm does not appear, and the influence of
correlations when τm ≃ t¯ for example, are not captured by the calculation. The only approxima-
tion that is always present enters subtly, through the need of n≫ 1 for the sum to be accurately
approximated by an integral. The approximation n≫ 1 removes the information about the dis-
crete nature of ELMs and consequently is unable to describe the influence of correlations between
τm and t¯. Consider the example with τm small. Then (9) could be accurately approximated by
keeping only the first few terms in the sum over n, and the approximation of (15) would be
poor. The influence of correlations between the natural ELM frequency and the kick frequency
is discussed in the Appendix, where it finds that provided ∆τ/σ is reasonably small, where σ is
the standard deviation in the natural ELM period, then any coherence between the natural ELMs
and kick frequency will be rapidly lost within the first one or possibly two ELMs. Another caveat
is that if P (t) is non-Gaussian, then n ≫ 1 is required for the central limit theorem to ensure
that p(x|n) will tend to (13); but occasionally for some distributions even if n ≫ 1 the rate of
convergence can be slow and the estimates less good than expected. In summary, for small τm/t¯,
for which n ∼ 1 is most relevant, then in principle equations (9), (11), and (12) must be used;
but despite the caveats mentioned above, provided τm/t¯ ≫ 1 and ∆τ/σ are reasonably small
then (15) and (19) should in most cases provide an accurate approximation.
Estimates for t¯ and σ must be found from equivalent ELM data for natural (untriggered)
ELMs. They can be estimated from a set of M ELM waiting times {ti}, of t¯ ≃ 1M
∑M
i=1 ti and
σ2 ≃ 1
M−1
∑M
i=1(ti − t¯)2 both of which have errors of order 1/
√
M [10]. Ideally there will be
plenty of data for natural ELMs, so that M ≫ 1, and we can neglect the errors in t¯ and σ
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compared with the other errors in (23). Otherwise the leading order errors give,
PK¯ ≃
∆τ
t¯
(
1± σ
t¯
√
M
)
(20)
with the error estimated from t¯ ≃ (1/M)∑Mi=1 ti ± σ/√M . The greatest source of systematic
error is likely to be through unintended changes to the plasma’s properties between pulses, leading
to incorrect estimates for t¯ and σ. This risk can be reduced by using a reference pulse from the
same session, or a reference phase from within a pulse, although longer pulses will give greater
statistical accuracy. In practice PK¯ is comparatively small, and unless the number of kicks are
much larger than the ∼15 in the example considered here, then the errors are dominated by
those in P∆τ that are statistical in origin and can only be reduced by increasing the number of
kicks in the study.
We can test Eq. 19 by calculating the number of natural (untriggered) ELMs we would
expect to observe in the “kick-triggered” time intervals, and compare this with the number that
are observed in equivalent time intervals of experimental data (without kicks). Assuming that
(19) is a reasonable approximation for PK¯ , as it very often will be, then we can estimate NK¯ as
follows. The probability of observing an unordered sequence of NK time intervals (τ1, τ1 + τ),
(τ2, τ2 + τ), ... , (τNK , τNK + τ), with NK¯ ELMs spread among them is given by,
P (NK¯ , NK) =

 NK
NK¯

 (PK¯)NK¯ (1− PK¯)NK−NK¯ (21)
i.e. the Binomial distribution (because the order in which the NK¯ natural ELMs coincide with
an interval τi to τi +∆τ is not important). Consequently the expected number of (untriggered)
ELMs to be observed by chance in the “triggered ELMs” time interval can be calculated from
〈NK¯〉 =
∑NK
N
K¯=1
NK¯P (NK¯ , NK), and is found using (19) for PK¯ to be,
〈NK¯〉 = NK
∆τ
t¯
(22)
The standard deviation is
√
〈N2
K¯
〉 − 〈NK¯〉2 =
√
NK
∆τ
t¯
(
1− ∆τ
t¯
)
, which allows an estimate for
the error in (22). Therefore taking NK¯ ≃ 〈NK¯〉, we obtain an estimate of,
NK¯ ≃ NK
∆τ
t¯
±
√
NK
∆τ
t¯
√
1− ∆τ
t¯
(23)
Eq. 23 allows us to estimate NK¯ , given the number of kicks NK , and a reference phase of normal
ELMs from which the ELMs’ average waiting time t¯ and standard deviation σ can be estimated.
To test the above Eq. 23, we count the number of ELMs within time intervals of n×(0.02)
to n×(0.02)+0.004 seconds, with n= 0,1,2, ... , during the time period of 9-13.5 seconds of
ten equivalent JET plasmas that do not have kicks. Details of the pulses are in [12], we consider
the subset of: 83630, 83629, 83628, 83627, 83626, 83625, 83624, 83640, 83641, and 83642,
for which the average ELM waiting time across all pulses was t¯ = 0.030 seconds. Figure 3 plots
the number of ELMs that are counted in the time intervals that would usually be presumed to
be “kick-triggered”, divided by the number of “kick-triggered” time intervals (estimated as the
time divided by the period between the intervals), along with our estimate for NK¯/NK using Eq.
23. The agreement is surprisingly good. If the results were Gaussianly distributed then we would
expect approximately 68% of the data sets to be within one standard deviation, indicated on the
plots by the dashed lines. The results are reassuringly consistent with this.
ESTIMATING P∆τ
The estimation of P∆τ given the observation of m ELMs in n “kick-triggered” time intervals,
is a classic and well-known problem in Bayesian probability theory that we will briefly review next.
The probability of observing m successes in n trials, with a probability p of a success at each
trial, is given by the binomial distribution,
P (m,n|p) =

 n
m

 pm(1− p)n−m (24)
Bayes theorem gives [8, 10],
P (p|m,n) = P (m,n|p)P (p)∫ 1
0 P (m,n|p)P (p)dp
(25)
which allows us to obtain a probability distribution for p given the observed m successes from n
trials, and a suitable prior distribution P (p). Present models for ELMs have ELMs being triggered
once a threshold of pressure gradient or current is exceeded [13]. If we regard kick-triggering in a
similar way, with a probability of success that rapidly steps between zero and one - either a kick
is strong enough to trigger an ELM or it is not, then we might follow the reasoning of Jaynes
(pages 382-386 of Ref. [8]), that leads to the “Haldane” prior P (p) with,
P (p) =
C
p(1− p) (26)
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Figure 3: Comparison between calculated estimates for NK¯ , and observed from experimental data.
For ten equivalent JET plasmas, the number of ELMs are counted that occur by chance within the
set of intervals τm to τm +∆τ , that if kicks were present would be presumed to be kick-triggered.
Theoretical lines are: the estimated average (thick black line), the average ± the standard deviation
(dashed black lines). Assuming the data is Gaussianly distribution then we would expect 68% of
results to be within the dashed lines. The results are reassuringly consistent with this.
with C a constant. Using this prior in (25) along with (24) for P (m,n|p), we get (after doing
the integral in the denominator) [8],
P (p|m,n)dp = (n− 1)!
(m− 1)!(n−m− 1)!p
m−1(1− p)n−m−1dp (27)
This gives an expected value for p of,
〈p〉 = m
n
(28)
with a standard deviation σ of,
σ =
√√√√m(n−m)
n2(n+ 1)
(29)
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Alternately, we might regard kick-triggering as a statistical process as in [9], with a success
probability that increases gradually with the size of the kick. Then it would seem reasonable to
take a uniform prior, with P (p) a constant. With this assumption we get,
P (p|m,n)dp = (n+ 1)!
m!(n−m)!p
m(1− p)n−mdp (30)
This gives an expected value for p of,
〈p〉 = m+ 1
n+ 2
(31)
with a standard deviation σ of,
σ =
√√√√(m+ 1)(n−m+ 1)
(n+ 2)2(n + 3)
(32)
Whichever prior we regard as being most reasonable, we can estimate P∆τ from the N ELMs
observed during the total of NK kicked time intervals, as,
P∆τ ≃ 〈p〉 ± σ (33)
with 〈p〉 and σ estimated from either 28 and 29, or 31 and 32. We will evaluate P∆τ with both
priors to provide examples of how the results can become modified.
Equations 7, 20, and 33 allow us to rigorously estimate the probability of kicks triggering
ELMs, given the number of kicks NK , a suitable estimate for τm and ∆τ , the observed number
of ELMs N in the intervals τm to τm + ∆τ , and an equivalent phase of plasma with natural
(unkicked) ELMs from which to estimate NK¯ from (20).
EXAMPLES: QUANTIFYING KICK-TRIGGERING SUCCESS
A kick consists of a step in the voltage that is applied to the vertical control coils, that
has a duration in time and an amplitude [7]. In a recent JET experiment (pulse 83440), the
duration and amplitude of the kick was deliberately varied to explore how kick-triggering success
depended on them. To analyse the kick-triggering probability it is necessary to explore a bit
more of the physics involved in a vertical kick. The diffusion time of JET’s vacuum vessel is of
order 1.3ms, so a kick of duration τkick has negligible influence on the plasma for 1.3ms, has a
maximum perturbation over τkick to τkick + 1.3ms, and falls to less than half of its value in of
order 2 × τkick. Based on past experience, ELMs in JET are not expected to be triggered with
12
kicks of less than 10Wb (10 Volt seconds), so it seems safe to assume that a kick cannot modify
plasma stability until it has produced at least 5Wb. After ∼1.3ms the kick’s constant voltage
produces a perturbation to the radial magnetic field that grows approximately linearly with time,
at least for kick durations of less than 4-5ms or so. So for a kick with voltage Vkick it seems
reasonable to define a minimum time τm for which (τm− 1.3)Vkick = 5, i.e. τm = 5/Vkick +1.3,
below which the kick has negligible influence. If we take 2τkick as an upper time limit over which
the kick significantly perturbs the plasma, then ∆τ = 2τkick − 5/Vkick − 1.3.
JET plasma pulse 83440 was based on the plasma in pulse 82630 over the period 18.5-20s,
that was extended in 83440 to allow kicks to be tested over an extended pulse duration. During
the 18.5-20s period in 82630 there were M = 24 ELMs, with an average period t¯ = 0.059 and
standard deviation of σ = 0.011. This gives σ/t¯
√
M = 0.038. Within the pulse 83440 the
kick amplitude and duration are varied, as shown in figure 1, with results as in figure 2, and
as recorded in table I. The different kick durations lead to different values of ∆τ that are also
recorded in table I, along with the number of kicks in each set NK , the number of ELMs that
occur in the time interval τm to τm + ∆τ , and the values estimated from that data for PK¯ ,
P∆τ , P (K), and their errors. The quoted error for P (K) is the largest of the upper and lower
errors as calculated using the estimates for P∆τ and PK¯ . The Haldane prior biases the results
towards kicks being one of either successful or unsuccessful, and consequently because estimates
for P (K) are all greater than 0.5, the Haldane prior gives higher kick-triggering probabilities
than the uniform prior. Intuitively, the author feels more comfortable with the more conservative,
lower estimates for P (K) that are obtained with a uniform prior, although most present models
for ELM triggering favour a clear threshold for an ELM being triggered, or not. Independent of
the choice of prior, from a physical point of view the results are surprising, because they indicate
that kicks with quite small amplitude can still trigger ELMs if their duration is long enough. This
has never previously been demonstrated, and can only be claimed with confidence because of
the analysis presented here. When applied to larger data sets, a similar analysis will allow the
quantitative assessment of how kick-triggering of ELMs depends on the kick properties such as
its amplitude, duration, total Webers (Volt seconds), and maximum magnetic field perturbation.
This will help us to understand how kicks trigger ELMs, and to optimise the kick properties for
triggering ELMs with the “softest” possible kick with lowest voltage for example.
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Kick Properties of JET pulse 83440
Vkick (kV) 12 9 6 9 6 3 6 3
τkick (ms) 2.5 2.5 2.5 3.3 3.3 3.3 4.5 4.5
∆τ (ms) 3.3 3.1 2.9 4.7 4.5 3.6 6.9 6.0
PK¯ 0.056 ±
0.002
0.053 ±
0.002
0.049 ±
0.002
0.080 ±
0.003
0.076 ±
0.003
0.062 ±
0.002
0.116 ±
0.004
0.102 ±
0.004
NK 15 15 15 14 14 14 14 14
N 14 13 9 14 14 9 14 11
With uniform prior for P (p)
P∆τ 0.882 ±
0.076
0.824 ±
0.090
0.588 ±
0.116
0.938 ±
0.059
0.938 ±
0.059
0.625 ±
0.117
0.938 ±
0.059
0.750 ±
0.105
P (K) 0.88 ±
0.09
0.81 ±
0.10
0.57 ±
0.12
0.93 ±
0.07
0.93 ±
0.07
0.60 ±
0.13
0.93 ±
0.07
0.72 ±
0.12
With Haldane prior P (p) = 1/p(1− p)
P∆τ 0.933 ±
0.062
0.867 ±
0.085
0.600 ±
0.122
1.000 ±
0.000
1.000 ±
0.000
0.643 ±
0.124
1.000 ±
0.000
0.786 ±
0.106
P (K) 0.93 ±
0.06
0.86 ±
0.09
0.58 ±
0.12
1.0 ±
0.00
1.00 ±
0.00
0.62 ±
0.12
1.00 ±
0.00
0.76 ±
0.11
Table I: The table summarises the kick properties and successes for JET pulse 83440, recording the
voltage Vkick and duration τkick of the kick. Vkick and τkick determine the duration ∆τ over which
the kick influences the plasma, allowing an estimate for PK¯ to be calculated. The number of kicks
and the number of ELMs within a time interval ∆τ allows an estimate for P∆τ to be calculated, and
subsequently also for P (K) the probability of the kick triggering an ELM. Estimates are calculated
with a uniform prior P (p), and with the Haldane prior P (p) = 1/p(1− p).
WHAT CAN WE LEARN ABOUT ELMS, AND HOW TO MITIGATE THEM?
The previous section mentioned some of the opportunities that the techniques in this paper
offer, the next few paragraphs discuss some of the possibilities more fully.
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Is ELM occurrence a deterministic process? Or is it better regarded as statistical?
Even steady-state tokamak plasmas are turbulent, and have continuously changing properties
that are often best described in a statistical way. In contrast, ideal MHD models for ELM
instabilities have ELMs being triggered after a specific threshold is exceeded in edge pressure
gradient or current [13, 14] [22]. A question is, is it more helpful to regard ELMs as a deterministic
or statistical process? There is growing evidence that a statistical description of ELMs might
be required. For example, [9] shows many examples where the times between ELMs can be
described by a Weibull probability distribution. This is consistent with the likelihood of observing
an ELM in the next fraction of time, increasing with the time since the previous ELM, so it has
elements of both a statistical and a deterministic model. More strikingly, in a set of 120 identical
JET plasma pulses where the ELM energies were determined from the estimated losses of plasma
thermal energy, it was found that the majority of ELM energies were statistically equivalent and
independent of both the time since the previous ELM and the size of the previous ELM [15]. This
seems contrary to the usual picture of ELMs, where we would expect the time to the next ELM
to be determined by the time for the plasma’s edge properties to be restored to their pre-ELM
values, and for this to be longer following a larger ELM. We might also have expected the ELM
size to increase with time since the previous ELM, but beyond an initial recovery period of about
20 milliseconds the ELM energies were found to be independent of the time since the previous
ELM [15].
In principle vertical kicks provide an opportunity to test these pictures, by establishing whether
there is a fixed threshold beyond which ELMs will be triggered and below which they cannot, or
whether there is a smoothly continuous increase in the probability of triggering an ELM as the
kick size is increased. In practice this study was not previously possible, because although it was
clear when all ELMs are being triggered by kicks, when triggering is partially successful it is not
possible to determine whether any particular ELM has been triggered or is naturally occurring,
and there was no method to calculate the probability of ELMs having been triggered. This
situation has now changed. Consider the example described in Table 1, of a 2T 2MA JET pulse
in an otherwise steady-state H-mode with 10.2MW of neutral beam heating and 7.5×1022s−1
of Deuterium gas fuelling. As the kick duration is reduced, with the kick voltage kept constant,
the probability of a kick triggering an ELM falls gradually. For example, with a uniform prior
for P (p): Vkick=9 and P (K) falls from 0.93 (τkick=3.3ms) to 0.81 (τkick=2.5ms), Vkick=6 and
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P (K) falls from 0.93 (τkick=3.3ms) to 0.57 (τkick=2.5ms), Vkick=3 and P (K) falls from 0.72
(τkick=4.5ms) to 0.60 (τkick=3.3ms); in none of these cases does P (K) drop sharply toward
zero. Similar conclusions are reached if we use the Haldane prior. Therefore for this case it
appears that there is not a sharp threshold between whether an ELM is successfully triggered or
not, but a gradual change in the probability of a kick being successful. Systematic experiments
should be able to determine whether kick-triggering of ELMs should be regarded as a statistical
process, and the circumstances for which this is the case, or not.
What are the thresholds for kicks to trigger ELMs?
It would be of practical value to know what size and type of kick is required to ensure a high
probability of triggering ELMs. Table I suggests that kick-triggering of ELMs depends more on
the amplitude of the perturbation to the plasma, than the rate of change of the perturbation.
Because of inductance, and the large voltage of a kick, and the short time-period over which the
kick occurs, we might expect the rate of change of the current in the vertical control system to
be approximately proportional to the voltage that is applied. Therefore if a sufficiently rapid rate
of change in the magnetic field’s perturbation were required to trigger an ELM, then we would
expect kick triggering to become less effective when the voltage of the kick is reduced from 12kV
to 3kV, for which the rate of change of the current would be reduced by roughly 75%. However
what is found is that provided the duration of the kick is increased sufficiently, then the kicks
can still trigger ELMs.
We know that for JET there is a delay τdiff of order 1.3ms for the magnetic field to diffuse
through the vacuum vessel, but otherwise we might expect the maximum in the perturbation due
to a kick to be proportional to the voltage multiplied by the length of the kick. If we subtract
off the τdiff =1.3ms delay from the kick’s duration (there will continue to be a small increase in
the plasma perturbation for a short period after the kick stops or reverses, but we will neglect
this), then multiply it by the voltage of the kick, this should be approximately proportional to
the maximum magnetic perturbation due to a kick. Plotting this against the probability of the
kick being successful (figure 4), it appears that the threshold for kick success in this particular
JET plasma, is a perturbation (to the plasma) of order 12 Wb. In other words,for this plasma
it appears that if the product of kick duration minus the 1.3ms diffusion time, and voltage
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Figure 4: Consider the results from table I with a constant prior, for the 2T, 2MA, JET plasma
83440, that had 10.2MW of neutral beam heating and 7.5×1022s−1 Deuterium gas fuelling. The
probability of a kick triggering an ELM is plotted (vertical axis), versus the product of kick duration
(τkick) minus the 1.3ms JET vacuum-vessel diffusion time (τdiff ), and the kick voltage (Vkick). The
error bars are the standard deviations of P (K) that are given in table I. When Vkick(τkick − τdiff )
exceeds 12Wb (Volt seconds), the probability of a kick triggering an ELM appears to reach a
maximum that is close to 1. (Higher values of P (K) are only possible with a larger number of
kicks to improve the statistics, for which case the error bars will also be reduced.)
(i.e. Vkick(τkick − τdiff )), exceeds 12 Wb, then the kicks were almost 100% successful. Clearly
this estimate needs refining with improved statistics (i.e. more experimental data), and a more
accurate modelling of the peak magnetic perturbation to the plasma (by modelling how the
magnetic field perturbation diffuses through the vessel), but both of these are possible. This
analysis can be repeated for different pulse types to obtain the requirements for triggering ELMs;
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or alternately to determine the maximum perturbations a control system can apply while still
ensuring a low risk of triggering an ELM.
What triggers an ELM?
Once the thresholds for which ELMs are triggered are known, then modelling can determine
the values of physical quantities such as the diffusing magnetic fields and currents, when those
thresholds are approached and passed. By determining which processes are present, absent,
increasing, or decreasing, hopefully we will be able to establish the mechanisms by which ELMs
are being induced. For example, the rate of increase of the kick will determine how edge-
localised any kick-induced currents will be. A short but rapidly increasing kick would be expected
to produce strong but very localised current perturbations to the plasma’s edge, but a longer
and weaker kick would allow a weaker current perturbation to diffuse further into the plasma.
Peeling and peeling-ballooning modes [16–20] are widely recognised candidates for driving edge
instabilities [13, 14], and are driven increasingly unstable by increasingly strong currents at the
plasma’s edge. Therefore they might be expected to be more strongly destabilised by a strong
radially edge-localised current perturbation, as would be greatest with the most rapidly increasing
kicks, and smallest with a longer and weaker kick. However for the example analysed here, the
product of kick size and duration was found to be more important than the rate at which the
kick was produced. Thorough modelling of these processes is probably required to understand
with certainty whether the peeling mode is involved in the kick-triggering of ELMs, but the
initial evidence just discussed suggests that another mechanism might be important. A detailed
modelling and discussion of the processes that occur during a kick is beyond the scope of this
paper, but there is enough evidence presented here to indicate that a systematic experimental
investigation using the analysis tools in this paper can help clarify how a kick triggers an ELM;
and possibly how ELMs are triggered more generally.
CONCLUSIONS
We have considered the generic problem of assessing whether an otherwise quasi-random
event such as an edge-localised plasma instability (an “ELM”), has been triggered by an external
influence. The specific problem of assessing the success of experiments to deliberately trigger
18
ELMs by rapid vertical displacements of the plasma has been analysed in detail, leading to
a simple set of rigorously derived formula to estimate the kick-triggering probability and its
accuracy. The advantage of the method is its rigour. For example, we can now assert with
confidence that vertical kicks with a voltage of only 3kV were in some cases triggering ELMs.
This was unexpected, and has never previously been demonstrated. The method allows the
success of kicks to be quantitatively assessed with unprecedented accuracy, allowing systematic
studies to quantitatively determine how kick-triggering success depends on properties such as
their duration, amplitude, and the peak magnetic field perturbation it produces. In the example
considered (figure 4), the probability of a kick being successful increased approximately linearly
with Vkick(τkick − τdiff ) until reaching a maximum of approximately 1 at approximately 12Wb
(Vkick is the vertical control system voltage, τkick is the duration of this step in voltage, τdiff
is JET’s vacuum vessel diffusion time). More generally, it is likely that analogous calculations
and direct adaptations of the method presented here can be used to help distinguish cause from
accidental correlation of quasi-random events in other circumstances.
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Appendix
The sum and product rules
The basic sum and product rules of Bayesian probability theory [8] can be used to derive the
key formulas used in this paper. Firstly consider Eq. (3), noting that,
P (A,B|C) + P (A, B¯|C) =
[
P (B|A,C) + P (B¯|A,C)
]
P (A|C)
= P (A|C)
(34)
where the 1st line uses the basic product rule Eq. (1), and the 1st-2nd line uses the basic sum
rule Eq. (2). Next using the product rule to expand P (A,B|C) = P (A|B,C)P (B|C) and
P (A, B¯|C) = P (A|B¯, C)P (B¯|C), then (34) expands to gives,
P (A|C) = P (A|B,C)P (B|C) + P (A|B¯, C)P (B¯|C) (35)
which is Eq. (3). If we replace A with t, B with K, and C with τm, then we have,
P (t|τm) = P (t|K, τm)P (K|τm) + P (t|K¯, τm)P (K¯|τm) (36)
which is Eq. 4, and gives P (t|τm) the probability density of observing an ELM at time t after
a kick at time τm, in terms of P (t|K, τm) the probability density of observing an ELM at time
t after a kick at time τm successfully triggers an ELM, and P (t|K¯, τm) the probability density
of observing an ELM at time t after a kick at time τm fails to trigger an ELM. The quantity
P (K|τm) is the probability of a kick being successful, given that the kick was at time τm. As
noted in the main text, the sum rule requires that P (K¯|τm) = 1− P (K, τm).
Correlations between ELMs and kicks
To assess how much correlations between the ELMs’ natural frequency and the kick frequency
have the potential to influence the estimate, we consider a situation where an ELM has naturally
occurred within the time window τm to τm + ∆τ that is usually associated with kick-triggered
ELMs, and where the average ELM waiting time t¯ equals the time between kicks τm − τm−1.
Assuming the distribution of ELM waiting times is reasonably approximated by a Gaussian distri-
bution with P (t) = (1/
√
2piσ2) exp{−(t− t¯)2/2σ2}, that can often be the case for type I ELMs
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[9], then the probability p of an ELM between t¯ to t¯ +∆τ is,
p ≃ ∆τP (t¯) = 1√
2pi
∆τ
σ
(37)
The probability of a sequence of m ELMs within: t¯ to (t¯ + ∆τ), 2t¯ to (2t¯ + ∆τ), ... , mt¯ to
(mt¯ + ∆τ), is then simply pm, giving the number of correlated ELMs that we would expect to
observe as,
〈m〉 =
∑
∞
m=1mp
m∑
∞
m=1 p
m
=
p ∂
∂p
∑
∞
m=1 p
m∑
∞
m=1 p
m
=
1
1− p (38)
where we used
∑
∞
m=1 p
m = p/(1 − p) to evaluate the sums. 〈m〉 tends to 1 as ∆τ/σ → 0, or
infinity as ∆τ/σ → 1. Most of the cases we are interested in have ∆τ/σ ≪ 1. For those cases,
even if t¯ = τm− τm−1, then the number of ELMs to be incorrectly counted as “triggered” by the
kicks will be small, with 〈m〉 < 2 for ∆τ/σ < 0.5, and of order 1 for ∆τ/σ ≪ 1. In most cases,
t¯ will be substantially different to τm − τm−1, and the potential influence of correlations can be
neglected entirely.
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